STA261 (SUMMER 2024) - ASSIGNMENT 1

These problems are meant to test your understanding of the concepts in Module 1. They are not
to be handed in. Some of these have been modified (or in some cases taken directly) from questions
in the Additional Resources listed in the course syllabus, and no claims of originality are made.

1. Suppose X ={1,2,3,4} and © = {a,b}. Two mass functions on X — one for each value of § € ©
— are specified in the following table:

r=1|z=2|z=3|xz=4
fa(T) 1/2 1/6 1/6 1/6
fo(z) 1/4 1/4 1/4 1/4

Suppose X ~ fg, and let T'(z) = 1,¢c(2,34}-

Going from the definition, show that T'(X) is a sufficient statistic for 6. You can do this by
working out a table of Po(X =z | T(X) = t) for each 2 € X and t € {0, 1}, and then doing the
same for Pp(X =z | T(X) =t).

2. Let X ~ N(0,0?), where 02 > 0. Prove that T'(X) = | X| is sufficient for o2.

3. Suppose X1, Xo,..., X, i fo, where 6 € © is unknown. Show that T'(X) = (X (1), X(2), - -, X(n))
is sufficient for 6.

4. Let X1, Xo,..., X, i Unif[0, 6], where § > 0. Find a minimal sufficient statistic for 6.

5. Let X1,X5,..., X, i Unif[#, 0 + 1], where 6 € R. Find a minimal sufficient statistic for 6.

6. Let X1,Xo,..., X, o Unif[f1, 03], where 61,02 € R and 6; < 2. Find a minimal sufficient
statistic for 0 = (61, 62).

7. Let X1, Xo,.... X, o Geometric(f), where 6§ € (0,1). Find a complete sufficient statistic for 6.
8. Let X1, X5,..., X, be a random sample from a continuous distribution with density
folx) =021, 0<z<1, 6>0.
Show that T'(X) = [[;~; X; is a complete sufficient statistic for 6.

9. This will give you some practice dealing with multi-parameter exponential families (which is a
hint!). Let X3, X2,...,X, be a random sample from an inverse Gaussian distribution, which

has density
A Az — p)?
f#’)\(m) = Wexp <_M‘ 5 S R, A > 0, 1% € R.

Show that

is a complete sufficient statistic for 6 := (A, ).
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Let Xj, Xo,..., X, be a random sample from a Beta(a, ka) distribution with & € N known,
which has density

D((k+1a) 44 ka—1
« = =" 1- “ ) ) 1 3 .
fal(z) F(a)f‘(ka)x (1—2) z € (0,1), a>0
Find a complete sufficient statistic for a.
Let X1, Xo,..., X, be a random sample from a Pareto(f) distribution, which has density

Gacg
fg(l’) = Wa x> Zo, 0> 1.

Here ¢ > 0 is known. Find a complete sufficient statistic for 6.
Using our notation, the Evans/Rosenthal textbook initially defines a sufficient statistic like this:

A function T'(-) defined on the sample space X™ is a sufficient statistic for 6 if the
following holds: T'(x) = T(y) implies fp(x) = c(x,y) - fo(y), for some constant
c(x,y) > 0.

It turns out that their definition is equivalent to ours, but proving that fact is fairly difficult.

(a) Instead, just prove that our definition implies theirs. You can stick to the discrete case.
The trick is to observe that the event {X = x} is a subset of the event {T'(X) = T'(x)}.

(b) If we replace the word “implies” in the textbook definition with “if and only if”, what can
be said about T'(+)?

Prove that if a statistic 7(X) is complete for # and r is a bijection, then the statistic r(7'(X))
is also complete for 6.

Suppose X = {0,1,2} and © = (0, 3).

r=0|z= =2
fo(x) 0 62 1—6— 02

Let X ~ fp. Prove that T(X) = X is a complete sufficient statistic for 6.

Let X1, Xo,..., X, be a random sample from a scale family with parameter ¢ > 0. Prove that
any function of the n — 1 ratios X1/X,, ..., X,—1/X, must be ancillary for o.

Hint: X;/o ~ F(x).

Let X1, Xs,..., X, be a random sample from a location family with parameter u € R. Prove
that any function of the n — 1 differences X1 — X,,, Xo — Xy, ..., X;,_1 — X, is ancillary for u.

itd

Let X1, Xo,..., X, < N (p,0%) with y € R and 0 > 0. Show that R(X) = (X; — X, X5 —

X,..., X, — X) is ancillary for p. Is R(X) independent of X? This example will be very
important in Module 4.

We’ve not had any issues checking the “open set” condition of Theorem 1.8, but here’s a famous

example that shows you what can happen if it’s not satisfied. Let X7, Xo,..., X, A (9, 02),
where 6 > 0. One can show that the condition doesn’t hold for this parameter space (go ahead
and try if you know a bit of topology; otherwise, don’t bother).

(a) Show that in this case, the statistic in the theorem is

T(X) = (zn: X, —% iXE) .



(b) Show that T'(X) is a one-to-one function of (X, S?).
(c) Show that Eg | ;25 (X,)? — Sz} =0 for all > 0.

(d) Clearly, it’s not always true that nL—i—l(X")Q # S? (try it with a few small numbers if you're
skeptical). Explain why this implies that 7'(X) can’t be complete for 6.

19. Show that the following distributions are in exponential families, assuming all parameters are
unknown unless otherwise specified. For each one, identify the parameter § (which may well be
a vector), and the functions h(x), ¢(0), Tj(x), and n;(8) for each j (if there’s more than one).
Also decide whether any belong to a location family, a scale family, or a location-scale family.

(a)

fuo(x) = m012WeXP <—W> , x>0, nweR, o>0.
(b) )\kxk’—le—)\a:
fk,A(JU)ZW, x>0, EeN, X>0.
(c)
fulz) = we*ﬁ, x>0, v>0.

T(v/2)

-1
po(z) = <x T )(1 -0)0*, x¢<{0,1,2,...}, r known, 6 € [0, 1].
x

k k
n i k _ k _
pp(x):<x1’”.7xk>£[1pf, x €40,1,...,n}" s.t. ;xi—n, p € (0,1)" s.t. Zpi—

with n known.

20. Is it possible to have a (continuous) scale family {f,(:) : ¢ > 0} where each f, is supported on
the same bounded interval [a, b]? If so, come up with one. If not, prove it.



