STA2311 (FALL 2023) - PRACTICE PROBLEMS FOR CLASS 3 (THE EM
ALGORITHM)

1. Consider again the mining town example from Class 2, where we assume the observed data is
generated by a zero-inflated Poisson model.

(a) By defining the indicators

1, observation i comes from a subpopulation of families with children

o {0, observation i comes from a subpopulation of families without children ’

formulate this as a missing data problem.

(b) Devise an EM algorithm for estimating (), §).

2. Consider again the allele example from Class 2, in which we seek to estimate the true frequencies
(Pas Db, Po) of alleles a, b, and o in the population based on observed blood type counts na, ng,
nap, and no out of a total sample of size n. Let N, be the number of samples with genotype
(i.e., allele pair) zy, for =,y € {a,b,0}. Then ny = Nyu + Ngo and np = Ny, + Np,, where
Naay Nao, Npp, Npo are unknown.

(a) By defining the indicators

1, subject 7 has genotype bb

0, subject j has genotype bo

7 1, subject ¢ has genotype aa
’ 0, subject ¢ has genotype ao

and Wj = {

for appropriate ¢ and j, formulate this as a missing data problem.

(b) Devise an EM algorithm for estimating (pq, pp, Po)-

3. Let X1,..., X, i Exp(A) so that P(X; <t) =1—e ™ for all 1 <4 < n. Suppose we do not
observe the X; values, but only observe whether they fall within three intervals. Let Z1; = 1x,<q,
Zoi = la<x,<p, and Z3; = Ip<x,. Based on observed data {(Z1;, Z2;, Z3i) : 1 < i < n} devise an
EM algorithm for estimating .

4. The file em-regress. txt contains measurements on n = 50 units. Each unit provides a response
Y, and two covariate values, X7; and Xy;. For ten of the units, the response variable has been
lost so only the covariate values are available.

Assume a linear regression model in which

Yi =po+ b1 X1+ PoXoi+¢€, 1<i<n

and €1,...,¢€, Zzflj\f(O,JZ).

(a) Find the MLE for 8y, 81, f2 and o using all of the available data.
(b) Find the variance of the MLE using an EM-related method of your choice.

5. Let S(0 | yobs) be the score function of the observed-data log-likelihood, and let S.(0 | Ycom) be
the score function of the complete-data log-likelihood. Assuming the operations of integration
and differentiation can be swapped, prove that

5(0 | yobs) = EO[SC(O | Ycom) | Yobs = yobs]‘



6. Assuming the operations of integration and differentiation can be swapped, prove the identity
shown on the bottom of Slide 33:
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